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Abstract
We investigate the efficiency at maximum power of an irreversible Carnot engine performing
finite-time cycles between two reservoirs at temperatures Th and Tc (Tc < Th), taking into account
of internally dissipative friction in two “adiabatic” processes. In the frictionless case, the efficiencies
at maximum power output are retrieved to be situated between η
C
/ and η
C
/(2 − η
C
), with η
C
=
1 − Tc/Th being the Carnot efficiency. The strong limits of the dissipations in the hot and cold
isothermal processes lead to the result that the efficiency at maximum power output approaches the
values of η
C
/ and η
C
/(2−η
C
), respectively. When dissipations of two isothermal and two adiabatic
processes are symmetric, respectively, the efficiency at maximum power output is founded to be
bounded between 0 and the Curzon-Ahlborn (CA) efficiency 1−√1− ηC , and the the CA efficiency
is achieved in the absence of internally dissipative friction.
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I. INTRODUCTION
Quasistatic Carnot cycle is the most efficient heat engine cycle allowed by physical laws.
Practically any heat engine operates far from the ideal maximum efficiency conditions set
by Carnot [1]. Although the Carnot cycle has the highest efficiency, its power output is
zero because the time for completing a cycle is infinite. The cycle should be speeded up
to obtain a finite power. Considering a finite-time Carnot cycle within the assumption of
endoreversibility that irreversible processes occur only through the heat exchanges, Curzon
and Ahlborn (CA) [2] obtained the efficiency at maximum power output as
η
CA
= 1−
√
Tc/Th, (1)
where Th and Tc are the temperatures of the hot and cold heat reservoirs, respectively.
Historically speaking, the seminal expression (1) was derived by Yvon [3] and Novikov [4]
much earlier than [2]. But it is usually called the CA efficiency. Recently, the issue of
the efficiency at maximum power output, as main focus of finite time thermodynamics, has
attracted much interest [5–29]. Under the low-dissipation assumption that the irreversible
entropy production in a heat-exchange process is inversely proportional to the time required
for completing that process, Esposito et al. [11] proposed a model for low-dissipation Carnot-
like engines, in which use of endoreversibility hypothesis and phenomenological transfer laws
can be avoided .
Although the importance of internally frictional dissipation in an adiabatic process was
mentioned by Novikov in his pioneer paper [4, 30], most of the studies about the efficiency at
maximum power output always neglect the influence of inner friction on the performance of
the heat engine models, within the assumption that the time taken for completing the adia-
batic process is ignored or proportional to the total time spent on the isothermal processes.
From everyday experience, the irreversible phenomena that limits the optimal performance
of engines occurs not only in an isothermal process but but also in an adiabatic process
because of inner friction when classical or quantum piston moves [6, 28, 29, 31–33]. Dissi-
pation loss due to internally dissipative friction, by which real engines are dominated [6],
has been discussed in several papers [17, 28, 29, 34, 35]. However, so far there has been no
comprehensive discussion of the effects of friction on the cycle performance in the literature,
and thus the properties of an irreversible Carnot-like cycle consisting of two irreversible
isothermal and two non-isentropic adiabatic processes have not been addressed adequately
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and clearly. For this reason, we follow the tradition of thermodynamics constructing a more
generalized engine, in which the “adiabatic” process takes finite time as well as becoming
non-isentropic [28, 29, 33, 35, 36]. Troughout this paper, the word “isothermal” merely
indicates that the working substance is in contact with a reservoir at constant temperature,
and the word “adiabatic” means that the working substance is isolated from a heat reservoir
and no heat exchange happens.
In this paper, we focus on the study of the efficiency at maximum power output of an
irreversible Carnot-like engine performing finite time cycles, in which frictional dissipation
and the time of any adiabat are taken into account. We derive the cycle period which
contains time spent on four thermodynamic processes, which is quite different from that
derived in the previous models for which the time of two adiabatic processes was assumed to
either be proportional to the time duration of the two isothermal processes or be negligible.
In the frictionless case, the efficiencies at maximum power output are proved to bounded
between η
C
/ and η
C
/(2 − η
C
), with the Carnot efficiency η
C
= 1 − Tc/Th, coinciding with
the result found in Ref. [11] for frictionless engine models in which the time required for
completing any adiabatic process was assumed to be totally ignored. In the strong limits
of the dissipations in the hot and cold isothermal processes, we find that the efficiency at
maximum power output approaches the values of η
C
/ and η
C
/(2 − η
C
), respectively. If
dissipations of two isothermal and two adiabatic processes are symmetric, respectively, we
prove that the efficiency at maximum power output is bounded between 0 and the Curzon-
Ahlborn (CA) efficiency 1−√1− ηC , and that the CA efficiency is reached by ignoring the
friction.
II. ENGINE MODEL
A Carnot-like cycle 1 → 2 → 3 → 4 → 1 is drawn in the (S, T ) plane (see Fig. 1 ).
During two isothermal processes 1 → 2 and 3 → 4, the working substance is coupled to a
hot and a cold heat reservoir at constant temperatures Th and Tc, respectively. Let Si be
the entropies at the instants i with i = 1, 2, 3, 4. For the reversible cycle where S2 = S3
and S1 = S4, we recover the Carnot efficiency ηC = 1 − TcTh , which is independent of the
properties of the working substance. In the adiabatic process 2 → 3 (4 → 1), the working
substance is decoupled from the hot (cold) reservoir, and the entropy changes from S2 to S3
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(S4 to S1) in a period ta ( tb).
Let us consider the Carnot-like cycle under finite-time operation. Finite-time cycles move
the working substance away from the equilibrium, leading to irreversibility of the engine.
Although the system needs no close to equilibrium during the isothermal process, the system
remains in an equilibrium state with the heat reservoir at the special instants i where
i = 1, 2, 3, 4. Under such a circumstance, the thermodynamic quantities of the system−in
particular the entropy−are well defined at these instants. Unlike in the frictionless case
where any adiabatic process is isentropic, the adiabatic process becomes non-isentropic when
friction is included, since friction develops heat and leads to an increase in entropy in any
adiabat. This additional heat remains in chamber or in trap along an adiabatic process
until it is released to a heat reservoir with which the working systems couples during an
isothermal process. As a consequence, heat productions due to friction in the adiabatic
expansion 2→ 3 and in the adiabatic compression 4→ 1 are released into the cold and hot
reservoirs, respectively [15, 34]. This additional heat is also represented in Fig. 1 by the red
triangular area for the branch 2→ 3 and by the blue triangular area for the process 4→ 1.
Note that, the heat produced during the process 4→ 1 decreases the absorbed heat during
the hot isothermal process, and the heat produced during the adiabat 2 → 3, as pure loss,
is released to the cold reservoir. The cycle model is operated in the following processes.
1. Isothermal expansion 1 → 2 . At time t = 0, the working substance is brought into
contact with a hot reservoir at constant temperature Th. The hot reservoir is then removed
after time duration th. An amount of heat absorbed from the surroundings is represented
by Qh. In this process, the entropy is changing from the initial entropy S1 to the entropy
S2. The entropy variation, ∆Sh = S2 − S1, is given by
∆Sh = Qh/Th +∆S
ir
h , (2)
where ∆Sirh is the irreversible entropy production.
2. Adiabatic expansion 2 → 3. The working substance decouples from the hot reservoir
for a time duration ta. In this process the frictional dissipation develops heat, resulting in
the fact that the entropy increases from S2 to S3. The entropy production arising from the
inner friction is denoted by
∆Sa = S3 − S2 = ∆Sira . (3)
3. Isothermal compression 3 → 4. The working substance is coupled to a cold reservoir
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FIG. 1: (Color online) Schematic diagram of an irreversible Carnot-like cycle in the plane of the
temperature T and entropy S. The values of the entropy S at the four special instants are indicated.
th (tc) is the time allocation when in contact with the hot (cold) reservoir. ta represents the time
allocation for adiabatic expansion and tb for adiabatic compression. The red triangular area is the
heat developed by friction for the process 2 → 3, while the blue triangular area represents the
additional heat for the process 4→ 1.
at constant temperature Tc for time tc. Then entropy changes on this process from S3 to
the entropy S4. For the cycle to close, S4 should be smaller than S1. The variation of the
entropy can be expressed as
∆Sc = |S3 − S4| = Qc/Tc +∆Sirc , (4)
where Qc is the amount of heat released directly to the cold reservoir, and ∆S
ir
c is the
irreversible entropy production.
4. Adiabatic compression 4 → 1. Similar to the adiabatic expansion, the working sub-
stance decouples from cold reservoir. The time required for completing this process reads tb.
The entropy increases from S4 to the original value S1. The amount of entropy production
due to the internally frictional dissipation during this process is given by
∆Sb = S1 − S4 = ∆Sirb . (5)
After performing a whole cycle, the system recovers the initial state and thus its total
energy remains unchanged for the whole cycle. The work output after a single cycle can be
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expressed as
W = Qh −Qc = (Th − Tc)∆S − Th(∆Sirh +
Sirb
2
)− Tc(∆Sirc +
Sira
2
), (6)
where ∆S ≡ S2 − S1 is a state variable only depending on the initial and final states of the
isothermal processes, whereas, ∆Sirh , ∆S
ir
c , ∆S
ir
a , and ∆S
ir
b are process variables depending
on the detailed protocols.
III. EFFICIENCY AT MAXIMUM POWER OUTPUT
To continue our analysis, we denote, by min{∆Sirκ } ≡ Lκ(tκ) [6, 11, 19, 21, 28, 35, 37, 38]
with κ = h, c, a, and b, the minimum irreversible entropy production for the optimized pro-
tocols. Physically, the larger time required for completing the corresponding process, the
closer the process is to quasistatic process, indicating that the irreversible entropy produc-
tions Sκ become much smaller and tend to be zero in the longtime limits (tκ → ∞). In
other words, Lκ(tκ) should be a monotonous decreasing function of tκ for a given process
κ. Because the irreversible entropy production Lκ is a function of the time tκ for a given
process κ, the irreversible entropy production La(ta) [Lb(tb)] in the adiabatic process 2→ 3
(4 → 1) can not be included by the irreversible entropy production Lc(tc) [Lh(th)] during
the cold (hot) isothermal process.
For convenience, we make a variable transformation xκ = 1/tκ with κ = h, c, a and b,
and have the cycle time τ = th + tc + ta + tb = 1/xh + 1/xc + 1/xa + 1/xb. Accordingly, the
power output P = W/τ and the efficiency η = W/Qh are
P =
(Th − Tc)∆S − Th[Lh(xh) + Lb(xb)/2]− Tc [Lc(xc) + La(xa)/2]
(1/xh + 1/xc + 1/xa + 1/xb)
, (7)
and
η =
(Th − Tc)∆S − Th [Lh(xh) + Lb(xb)/2]− Tc [Lc(xc) + La(xa)/2]
Th [∆S − Lh(xh)− Lb(xb)/2] , (8)
respectively.
To specify the time allocation at maximum power output, the values of xκ, with κ = h, c, a
and b, should be optimized. We optimize power output P over the time variables xκ to obtain
the time allocation during a cycle and thus to determine the corresponding efficiency. Setting
the derivatives of P with respect to xκ (κ = h, c, a, b) equal to zero, we derive the following
equations:
ThL
′
hx
2
h = W, (9)
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TcL
′
cx
2
c = W, (10)
TcL
′
ax
2
a = 2W, (11)
ThL
′
bx
2
b = 2W, (12)
where the workW was defined in Eq. (6), and L′κ =
dLκ
dxκ
with κ = h, c, a, b. Dividing Eq. (9)
by Eqs. (10), (11), and (12), respectively, we find the optimal time allocation at maximum
power output:
xc
xh
=
√
ThL′h
TcL′c
, (13)
xa
xh
=
√
2ThL′h
TcL′a
, (14)
xb
xh
=
√
2L′h
L′b
. (15)
Now we turn to the low-dissipation case where one assumes L′κ(xκ) = Σκ with Σκ being
dissipation constants. In this case, we find, by substituting Eqs. (13), (14), and (15) into
the maximization condition ∂P
∂xh
= 0, the physical solution at
xh =
∆S(Th − Tc)
2ThΣh
(
1 +
√
TcΣc
ThΣh
) , (16)
xc =
∆S(Th − Tc)
2TcΣc
(
1 +
√
ThΣh
TcΣc
) , (17)
xa =
∆S(Th − Tc)
TcΣa
(√
2Σc
Σa
+
√
2ThΣh
TcΣa
) , (18)
xb =
∆S(Th − Tc)
ThΣb
(√
2Σh
Σb
+
√
2TcΣc
ThΣb
) . (19)
The expressions (16) and (17) of the times spent on a hot and cold isothermal process for
a frictional heat engine are, respectively, identical to corresponding ones [Eq. (7)] obtained
a engine model [11] in which both the internally dissipative friction and the time taken for
two adiabats were assumed to be zero.
Using Eq. (8), together with Eqs. (16), (17), (18), and (19), it follows that the efficiency
at maximum power becomes
η∗ =
η
C
(
1 +
√
TcΣc
ThΣh
−
√
TcΣa
2ThΣh
−
√
Σb
2Σh
)
1 + 2
√
TcΣc
ThΣh
+ Tc
Th
−
√
Σb
2Σh
(
1− Tc
Th
) , (20)
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which is one of our main results in the paper. Unlike the frictionless cycle where the positive
work condition is Tc < Th, the frictional cycle produces positive work under the conditions
that Tc < Th and √
Σa +
√
Tc
Th
√
Σb <
√
2(
√
Σh +
√
Tc
Th
√
Σc). (21)
Only when this positive work condition is satisfied can the positive work be extracted. We
present the efficiency at maximum power output in a broader context by taking into account
of inner friction and the time taken for any adiabat.
(1) When the inner friction is neglected, i.e., Σa → 0 and Σb → 0, the expression (20)
of efficiency at maximum power output is reduced to that from either stochastic thermody-
namics [19] or by low-dissipation assumption [11]. In this frictionless case, the completely
asymmetric limits Σc
Σh
→ 0 and Σc
Σh
→ ∞, causing the efficiency ηm at maximum power to
approach the upper and lower bounds at η+ ≡ ηC2−η
C
and η− ≡ ηC2 , respectively. That is,
when Σa → 0 and Σb → 0, the result of the the bounds of the efficiency at maximum power
for frictionless Carnot-like cycle is retrieved,
η
C
2
≡ η− ≤ ηm ≤ η+ ≡ ηC
2− η
C
. (22)
For the symmetric dissipation Σc = Σh, the time allocation to the hot and cold processes
satisfies
th
tc
=
√
Th
Tc
, (23)
from which we can arrive at the CA efficiency η∗ = η
CA
= 1 −
√
Tc
Th
by using Eq. (20).
We would like to emphasize that the results are identical to those in Ref. [11], but they
are derived in the generalized engine model in which the times required for completing two
adiabatic processes in the Carnot-like cycle are obtained as Eqs. (14) and (15).
(2) The values of frictional dissipations both Σa and Σb are nonzero but finite. In the limits
Σh →∞ and Σc →∞, the efficiency at maximum power output η∗ in Eq. (20) converges to
the upper bound η+ =
η
C
2−η
C
and to the lower bound η− =
η
C
2
, respectively. Here the lower
and upper bounds are identical to the corresponding ones in previous studies, but extended
to the irreversible Carnot-like cycle in which any adiabatic process is irreversible because of
internally frictional dissipation and its time is not negligible.
(3) Dissipations in two isothermal and two adiabatic processes are symmetric, respec-
tively, Σh = Σc = rΣa = rΣb = rΣ with r and Σ being constants. Then the efficiency at
8
FIG. 2: (Color online) Efficiency η∗ at maximum power as a function of the Carnot value η
C
. The
upper and lower bounds of efficiency at maximum power output in the frictionless case η+ and η−,
the CA efficiency η
CA
, and the efficiencies for r = 0.1 and r = 0.5, are indicated in the figure.
maximum power becomes
η∗ =
η
C
(
√
r/2− 1) (1 +√1− η
C
)
−2 (1 +√1− η
C
) + η
C
(
√
r/2 + 1)
, (24)
which satisfies the relation
0 < η∗ ≤ η
CA
= 1−√1− η
C
. (25)
Compared with the bounds (22) for frictionless case, both the upper and lower bounds (25)
of the efficiency at maximum power are lowered when friction is introduced. Physically,
this originates from the fact that dissipative work is done to overcome the inner friction
which generates heat. When r → √2, no positive work is extracted from the cycle,thereby
indicating that the efficiency becomes equal to zero. From Eqs. (13), (14), and (15), we find
that the times spent on the four quantum thermodynamic processes are distributed in such
a way that
th/tc = tb/ta =
√
Th/Tc, (26)
with th/tb =
√
r. It should be noted that the efficiency at maximum power increases as r
decreases, approaching the CA efficiency η
CA
in the frictionless limit (r → 0). In Fig. 2 we
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plot the efficiency (24) as a function of η
C
for r = 0.1 and r = 0.5, comparing η
CA
with the
upper and lower bounds η+ and η− of frictionless engine models.
IV. CONCLUSIONS
In conclusion, we have determined the efficiency at maximum power for an irreversible
Carnot-like engine which performs finite-time cycles with internally dissipative friction. In
the limits of extremely asymmetric dissipation (Σc
Σh
→ 0 and Σc
Σh
→ ∞, with Σa
Σh
→ 0 and
Σb
Σh
→ 0), the efficiency at maximum power output converges to an upper and a lower bound
η
C
2−η
C
and
η
C
2
, coinciding with the result obtained previously in the frictionless engine model
in which the time taken for two adiabatic processes was ignored. When the dissipation in
the hot (cold) isothermal process approaches the strong limit, i.e., Σh →∞ (Σc →∞), the
efficiency at maximum power output tends to be the upper (lower) bound (
η
C
2−η
C
) (
η
C
2
). When
the dissipations in two isothermal and two adiabatic processes are symmetric, respectively,
we find that the efficiency at maximum power output is bounded from above by the CA
efficiency η
CA
and from below by zero, and that η
CA
is reached in the frictionless limit.
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